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, Our main result is a sharp bound for the number of vertices in a minimal forbidden 

subgraph for the graphs having minimum rank at most 3 over the finite field of order 2. 
We also list all 62 such minimal forbidden subgraphs. We conclude by exploring how 
some of these results over the finite field of order 2 extend to arbitrary fields and 
demonstrate that at least one third of the 62 are minimal forbidden subgraphs over an 
arbitrary field for the class of graphs having minimum rank at most 3 in that field. 
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1 Introduction 

Given a field F and a simple undirected graph G on n vertices, let S(F, G) be the set of symmetric 
n x n matrices A with entries in F satisfying ay ^ 0, i =/= j, if and only if ij is an edge in G. There 
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is no restriction on the diagonal entries of the matrices in S(F, G). Let 

mr(F, G) = min{rank A \ A £ S(F, G)}. 

The problem of finding mr(F, G) has recently attracted considerable attention, particularly for the 
case in which F = K (see the survey paper |FH07j and the references cited there or the American 
Institute of Mathematics workshop website |Am e06 on this topic). Relevant papers for us are 
[HsToTl IBFH04I IBvdHL04l iBDOSl IBvdHL05l IDKOB] , In [BvdHL04j and |BvdHL05| . the problem 
of characterizing all graphs G for which mr(F, G) < 2 was addressed. Complete characterizations 
were obtained for all fields and fall into four cases depending on whether the field is infinite or finite 
and whether or not the field characteristic is two. These various classifications have both striking 
similarities and distinctive differences. 

The full house, seen and labeled in Figure [TJ is the only graph on 5 or fewer vertices for which 
the field affects the minimum rank. (This was previously noted in [BvdHL05j, in which the graph 
was identified as P 3 U 2K\.) 



Proposition 1 ([BvdHL05]). Let G be a graph on 5 or fewer vertices and suppose that G ^ 
full house. Then mi(F, G) is independent of the field F. 

We also include a short proof for the fact that the minimum rank of the full house graph is 
field-dependent . 

Proposition 2. If F ^ ¥2 is a field, then mr(F, full house) = 2. However, mr(F2,full house) = 3. 
Proof. If F ^ F 2 , there are elements a, b ^ in F such that a + b ^ 0. Then 




Figure 1: The full house graph. 
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is any matrix in 5^2, full house), then 



det,4[{l,2,5},{l,3,4}] 



di 1 
1 1 1 
1 1 



so mr(F2,full house) > 3. Setting all dj = 1 verifies that mr(F2,full house) = 3. □ 

In spite of this dependence on the field, it has become clear that even for calculating the 
minimum rank over just the real field, results obtained over finite fields, and over F2 in particular, 
will provide important insights. This will be explored more fully in Section [TT1 

The methods of }BvdHL041 [BvdHL05] do not extend in any straightforward way to the problem 
of characterizing graphs with rm(F, G) < k for k > 3. However, it is possible to obtain results of 
this sort for finite fields using other methods which make explicit use of the finitcness of F. In this 
paper we examine the case F = ¥2- 

We recall some notation from graph theory. 

Definition 3. Given a graph G, V(G) denotes the set of vertices in G and E(G) denotes the set 
of edges in G. The order of a graph is \G\ = \V(G)\. Given two graphs G and H, with V(G) and 
V(H) disjoint, the union of G and H is G U H = (V(G) U V(H), E{G) U E(H)). The join, G V H, 
is the graph obtained from G U H by adding edges from all vertices of G to all vertices of H . If 
S C V(G), G[S) denotes the subgraph of G induced by S. If H is an induced subgraph of G, G — H 
denotes the subgraph induced by V(G) \ V(H). 

Definition 4. We denote the path on n vertices by P n . The complete graph on n vertices will be 
denoted by K n . We abbreviate K n U ■ ■ • U K n (m times) to mK n . 

We recall the following observation. 

Observation 5 ( BvdHL04, Observation 5]). If H is an induced subgraph of G, then for any field 
F, mx(F,H) < mr(F,G). 

Example 6. It is well known that mr(F, Pk+2) = k + 1 for any field F. Therefore Pk+2 cannot be 
an induced subgraph of any graph G with mr(i 7 ', G) < k. 

Definition 7. Let F be any field. The graph H is a minimal forbidden subgraph for the class of 
graphs g k {F) = {G \ mr(F, G) < k} if 

(a) mr(F, H) > k + 1 and 

(b) mr(F, H — v) < k for every vertex v £ V(H). 

Let Tk+ii^F) be the set of all minimal forbidden subgraphs for Qk{F). 

Observation 8. G £ Qk(F) -^=> no graph in Tk+i{F) is induced in G. 

Theorem 6 (a <=> c) of [BvdHL04J and Theorem 16 of BvdHLOS] can be restated: 
Theorem 9 ( [BvdHL04| Theorem 6]). J" 3 (R) = {P 4 , x, dart, P 3 U K 2 ,3K 2l K 3 . 3 , 3 }. 
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Theorem 10 f [BvdHL051 Theorem 16]). 



^3(^2) = {P 4 , x , dart, P 3 U K 2 , 3K 2 , full house, P 3 V P 3 }. 

Ding and Kotlov DK06J obtained an important result related to J-k+i{F). They showed that if 
F is a finite field, then every graph in J- k +i{F) has at most — h 1^ vertices, so, in particular, 

J-k+i{F) is finite. In the special case k = 3 and F = F 2 , their result implies that each graph in 
J 7 4(F 2 ) has at most 25 vertices. In this paper, we improve their bound for this case to show that 
every graph in -7-4 (F 2 ) has at most 8 vertices. This new bound makes an exhaustive computer search 
feasible, which gives the result that (1^2)1 = 62 and also shows that the new bound is sharp. Of 
the 29 graphs in .7-4 (F 2 ) having vertex connectivity at most one, we will prove that 21 graphs are 
in Fa(F) for every field F, while none of the remaining 8 graphs are in ^(F) for any field F ^ F 2 . 
Our approach relies on the following generalization of T k +i(F). 

Definition 11. Given a field F and a graph H, let Tk+i{F,H) be the set of graphs G containing 
H as an induced subgraph and satisfying 

(a) mr(P, G) > k + 1 and 

(b) for some H induced in G, mr(P, G — v) < k for every v G V(G — H). 

Example 12. Let F be any field, let G be the graph labeled in Figure [2J let H = P4, and let 




Figure 2: G in Example EJ 



k = 3. Since P5 is induced in G, mr(P, G) > 3 + 1, so condition (a) is satisfied. 

Six copies of H = P4 are induced in G. For H — G[{u, v, w, x}], we have mr(P, G — y) = 4, so 
condition |(b)| is not satisfied for this copy of P4. However, if H = G[{u, v, y, z}], both G—w and G— x 
are isomorphic to < C > " , which has minimum rank 3 by Theorem 2.3 in [BFH04j (see Theorem [57] 
in this paper). Therefore condition |(b)| is satisfied for this induced P4, so G G J-k+i(F, P4). 



In the notation of Definition [TT| Tk+i{F) = JF fc+1 (P, 0), where is the empty graph. 
Theorem 13. 

fk+i(F)C |J T k+1 (F,H). 
Her k (F) 

Proof. Let G G T k+1 (F). Since mr(P, G) >Jfe + l>jfe-l, G £ G k -i(F). Therefore some 
graph H G J- k (F) is induced in G. By definition, mr(P, G ~ v) < k for every vertex v of G, so 
mr(P, G — v) < k for every vertex v of G — H . By definition, G G J-k+i(F, H). □ 

Combining Theorems 1101 and 1131 we have the following result. 
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Corollary 14. 

^ 4 (F 2 )C |J F 4 (F 2 ,H) 

= ^(¥ 2 , 3K 2 ) U F 4 (¥ 2 , P 3 V P 3 ) U -P 4 (F 2 , dart) U .F 4 (F 2 , x) 
U .P 4 (F 2 , P 3 UX 2 )U ^(Fg, full house) U F 4 (¥ 2 , P 4 ). 

Sections l2l [TOl are devoted to explicitly determining J r 4 (F 2 ). 



2 Matrices which attain a minimum rank for ^(¥2) 

Given a field F and a graph G, it is natural to seek to determine all matrices in S(F, G) which 
attain the minimum rank of G. Determining these matrices plays a critical role in determining 
•F 4 (F 2 ). 

Definition 15. Let G be a graph. Let M1Z(F, G) = {A E S(F,G) | rank A = mr(F,G)}, the 
set of matrices in S(F, G) that attain the minimum rank of G. Call two matrices in A47Z(F, G) 
equivalent if and only if they have the same column space. Let C(P, G) be the resulting set of 
equivalence classes. 

Let G be a graph. In the remainder of this section and in Sections [3HS1 we will assume that F — 
¥ 2 and abbreviate our notation as follows: S(¥ 2 ,G) is shortened to S(G), mr(F 2 ,G) is shortened 
to mr(G), J-k+i{¥ 2 ) is shortened to J~k+i, Tk+i(V 2 ,G) is shortened to Tk+i{G), M1Z(¥ 2 ,G) is 
shortened to MTZ(G), and C(F 2 , G) is shortened to C(G). 

In the remainder of this section, we determine A41Z(G) for all of the graphs in T 3 (see Theo- 
rem [TO]). 

Lemma 16. With P 3 labeled as (?) (?) (?) , 

mh(p 3 ) = 

Proof. Since mr(P3) = 2, 
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G M1l{P 3 



det A = xyz + x + z = in F 2 . 



If x ^ z, then det A = 1, so x — z. Then dctA = xy, so A G M1Z{P 3 ) if and only if either 
x^y — z^Q.x — z — Q and y=\, ovx = z = l and y = 0. □ 

Proposition 17. The sets A41Z(G) for G G T 3 are as follows. 

(a) With 3K 2 labeled as 0) , 



MK(3K 2 ) 
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(b) With P 3 V P 3 labeled as 




MK(P 3 VP 3 ) = 
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(c) With the dart labeled as 




M1l(&axt) = < 



Mi = 
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and C(dart) = {Ci = {Mi}, C 2 = {M 2 }}. 

a) (T 

(d) With k labeled as 




MTZ(k) = < 
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andC(K) = {d = {Mi, M 2 }, C 2 = {M 3 }}. 
(e) With P 3 U K 2 labeled as (T) (?) (?) (T) (£) , 



MK(P 3 U K 2 ) = 
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and C{P 3 U K 2 ) = {d = {M U M 2 }, C 2 = {M 3 }}. 
(f) With the full house labeled as in Figure [7J 



MK(Ml house) = < 
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M 3 



and C(full house) = {d = {M 1 ,M 2 }, C 2 = {M 3 }, C 3 = {M 4 }}. 



1 


1 


1 





If 




"0 


1 


1 





0" 




1 


1 


1 


1 


1 




1 


1 


1 


1 


1 




1 


1 


1 


1 


1 


, M 2 = 


1 


1 


1 


1 


1 


) 





1 


1 


1 


1 







1 


1 


1 


1 







1 


1 


1 


1 







1 


1 


1 


1 




"0 


1 


1 










"1 


1 


1 





0" 


\ 


1 





1 


1 


1 




1 


1 


1 


1 


1 




1 


1 





1 


1 


, M 4 = 


1 


1 


1 


1 


1 


> 





1 


1 


1 


1 







1 


1 





1 







1 


1 


1 


1 







1 


1 


1 








MTZ(Pi) = { 
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M 3 = 



and C{Pi) = {Ci = {Mi,M 2 }, C 2 = {M 3 ,M 4 }, C 3 = {M 5 }}. 

Proof 1. Exhaustively calculate the rank of each matrix in S{G) for each G £ Appendix VK\ 
contains a collection of Magma [BCP97] functions to implement this approach. □ 



Proof 2. It is known [BvdHL04. BvdHLQ5] that each of the graphs in (a) through (g) has minimum 
rank 3. 



Pa rt | (a) | follows immediately and (e) follows from Lemma H"6l We prove [(f)] and (g) The proofs 
of |(b)| |(c)[ and |(d)| are similar. 
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£ MK(Ml house). 
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I. v = 0. Elementary row and column operations reduce A to 



110 

1 w 1 
11x00 
y 1 
1 z 



Then we must have y 



1. Since 



1 
1 



x, we must have to = x, so 



U> = x — 1 or to = x = 0. This yields the matrices Mi and M3 in |(f)| 
II. u = 1. Row and column reductions yield 
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has rank at least 4, so we must have w 




1. Then 
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In order for rank C — 3, we require that x — 1 and y = z. This yields matrices M\ 



and M 4 in (f) 



Let 
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w 1 
1x10 
1 y 1 
1 2 



e MK(P 4 ). 
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If w = 0, by elementary row and column operations the matrix reduces to 



B 



10 

10 

y 1 

1 z 



In order for rank B = 3, we must have y = 
Mi and Mi in (g) If w = 1, one row and column operation gives 



1, but cc can be or 1. This yields matrices 



C 



10 

35 + 1 1 

1 y 1 

1 z 



In order for C to have rank 3, 



x + 1 1 
1 y 1 
1 z 



must be in M.H{Pz), 

which by Lemma [TBI gives three possibilities for x, y, and z, giving matrices M3, M4, and A/5 



(g) 



□ 



3 General theorems 

Throughout this section, let G be a graph with an induced subgraph H such that im(H) = k. 

For convenience, in sections [5] [HI we will consider G as a complete graph with weighted edges. 
The weight of an edge, wt(zj), is 1 if ij is an edge in the original graph and if it is not. The 
vertices in G — H will also have weights. Let the vertices of H be labeled h\, /12, . . . , hg. The weight 
wt(v) of a vertex v £ V(G — H) is the vector (wt(vhi), wt(v/i2), ■ ■ • > wt(vhg)) T of edge weights 
between the vertex v and the vertices of H. 



3.1 Definitions 

Definition 18. Let M e M1Z(H). We say the vertex v in G — H is rank-preserving with respect 
to M if 

rank [M wt(u)] = rank M. 

If v is rank-preserving with respect to M , then M can be augmented by a row and column to obtain 
a matrix in S(G[V(H)U{v}]) of rank k, so mr(G[V (H) U {«}]) = mr(_ff). If v is not rank-preserving 
with respect to M, we say v is rank-increasing with respect to Af . We say that a set of vertices is 
rank-preserving with respect to M if each vertex is rank-preserving with respect to M, and a set is 
rank-increasing with respect to M if some vertex is rank-increasing with respect to M. 
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Definition 19. Let M G A47Z(H). We say the edge uv G G — H , u ^ v, is rank-preserving with 
respect to M if u and u are rank- preserving with respect to M and wt(uv) is the unique number 
that satisfies the equality 



rank 



M 
wt(v) T 



wt(u) 
wt(uv) 



rank M. 



(If wt(w) = Mp and wt(v) = Mq, then uv is rank-preserving if and only if wt(uv) = q T Mp.) If itu 
is not rank-preserving with respect to M, we say uv is rank-increasing with respect to M. Notice 
that uv is rank-preserving with respect to M if and only if mr(G[V(H) U {it, v}]) = mr(H). We say 
that a set of edges is rank-preserving with respect to M if each edge is rank-preserving with respect 
to M and is rank-increasing with respect to M if some edge is rank-increasing with respect to M. 

We emphasize one part of this definition as: 

Observation 20. If a vertex v G G — H is rank-increasing with respect to M, then each edge 
incident to v in G — H is also rank-increasing with respect to M. 

Definition 21. Let M G A41Z(H). Given an ordered set of vertex weights vt,...,v p G col(M), 
let Vi = Mai and let A = \a\ ■ ■■ a p ]. Then we say that the p x p matrix P = A T MA is the rank- 
preserving table for the ordered set v±, . . . ,v p with respect to M. Note that the ij entry of P is the 
edge weight needed to make the edge between two vertices with weights Vi and Vj a rank-preserving 
edge with respect to M. 





Figure 3: Graphs in Example 1221 



Example 22. Let H = P4, labeled as in Proposition [TTl with corresponding M. TZ(Pa) and 
C(Pa). Let G be a graph containing vertices {1, 2, 3, 4, u, v} such that H = G[{1, 2, 3, 4}] and 
G[{1, 2, 3, 4, u, u}] is one of the graphs in Figure [3l Then u and v have weights wt (it) = (1, 1, 0, 1) T 
and wt(i>) = (1,0, 1,0) T . The vertex it is rank-preserving with respect to Mi and M2 since 
wt(tt) G col(Mi) = col(A/2) and is rank-increasing with respect to M3, M4, and M5 since wt (it) G" 
col(Ms) = col(M4) and wt(tt) G - col(Ms). Also, v is rank-preserving with respect to Mi, M2, and 
M 5 and is rank-increasing with respect to M 3 and M4. The set of vertices {it, v} is rank-preserving 
with respect to Mi and M 2 and is rank-increasing with respect to M 3 , M4, and M 5 . 

The edge uv is rank- increasing with respect to M3, M 4 , and M5 because the set {it, v} is rank- 
increasing with respect to each of those matrices. If G[{1, 2, 3, 4, it, u}] is the graph in Figure a) [ 
then wt (uv) = and uv is rank-preserving with respect to Mi and rank- increasing with respect to 
Mi. If G[{1, 2, 3, 4, it, u}] is the graph in Figure [JbU then wt(itf) = 1 and uv is rank-preserving 
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with respect to Mi and rank-increasing with respect to M%. Rank-preserving tables with respect 
to Mi and M 2 for [wt(u),wt(u)] are, respectively, 



Pi 



1 1 
1 



and Po 




1 



Note that P\ + P 2 = J, the all-ones matrix. This property will be important later, so we give 
it a name now. 

Definition 23. Two matrices A and B with entries in F2 are complementary if A + B = J, the 
all-ones matrix. 

Definition 24. Let v be a vertex in G — H and V be a set of vertices in G — H . Let 

I v = {M G A41Z(H) I v is rank-increasing with respect to M} 
and Xy = U^gyXu, the set of matrices for which V is rank-increasing. Let 

Tv = {C G C I V is rank-increasing with respect to every M G C}. 
Let uv be an edge in. G — H and 23 be a set of edges in G — H . Let 

luv = {M G M1Z(H) I is rank-increasing with respect to M} 
and Te = U UV £eZ U v, the set of matrices for which E is rank- increasing. 

Example 25. We will continue from Example l22l We have X u = {M 3 , M4, M 5 } and X u = {C2, C3}. 
We also have X v = {M 3 , M 4 } and X v = {C 2 }. 

If wt(ww) = 0, as is pictured in Figure O ffa)] then I uv — {Mi, M 3 , M4, M 5 }. If wt(uu) = 1, as is 
pictured in Figure Qgb)] then X ul> = {M 2 , M 3 , M 4 , M 5 }. 

Observation 26. Let V be a set of vertices in G — 2? such that Ty/ 7^ A41Z(H). Then for every 
« G V, 

wt(v) G P| col(Mi). 

MieMU(H)\I v , 

3.2 Theorems 

Observation 27. We have mr(G) = k if and only if there is some M G M1Z(H) such that 
every edge and vertex in G — H is rank-preserving with respect to M. Conversely, mr(G) > k 
if and only if there is some set of edges E 1 C E(G — H) and vertices V C V(G — 22) such that 
Xb' Uly = MK(H). 

Although the inclusion of a vertex set in the second statement is only necessary in the case 
when G — 22 1 = 1, it will become apparent that the additional flexibility it introduces enables us 
to manage quite a large number of cases in the proof of our main result. 

Corollary 28. Assume that mr(G) > k. If there are sets E' C E(G-H) and V C V(G-H) such 
that T E > U T v , = MTZ(H) and (U xyeE '{x, y}) U V C V(G - 22) is a proper subset of V(G - 22), 
then G £ F k+ i{H). 
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Proof. Let v G V r (G- J ff)\((U„ jeE /{x, 2/})UV'). Then£' C E((G-v)-H) and V C V((G-u)-iT), 
so mr(G - u) > fc and G gF k+1 (H). □ 

Proposition 29. Let G G Tk+i{H). If \G — H\ > 2, then for every vertex v in G — if , T v ^ 
M1Z{H). If\G-H\>3, then for every edge uv in G - H, X uv ^ MIZ(H). 

Proof. Suppose that G G Tk+i{H). Suppose there is some vertex v E G — H which is rank- 
increasing with respect to every M G M1Z(H). Let in be a vertex in G — if other than u. Then 
mr(G — w) > k, which is a contradiction. 

Similarly, suppose that G G !Fk+i(H). Suppose there is some edge uv in G — if which is rank- 
increasing with respect to every M G M1Z(H). Let w be a vertex in G — if other than u or t>. 
Then mr(G — to) > fc, which is a contradiction. □ 

Corollary 30. Let G G T k +i{H) and suppose that \MK(H)\ = 1. i/ |G - if| > 2, then 2 V = /or 
every vertex v in G — if. f/ |G — if | > 3, then X uv — for every edge uv in G — if. 

Corollary 31. Suppose that \MK{H)\ = 1. If G G T k+1 {H), then \G-H\< 2. 

Proof. Suppose that |A4ft(if)| = 1 and MK(H) = {M}. Then if |G - if | > 3, X u „ = for every 
edge uv in G — if and X v = % for every vertex w in G — if . Since every edge and vertex in G — if 
is rank-preserving with respect to Ai, mr(G) = mr(if) = k and G ^ J r fc+1 (ff). □ 

Corollary 32. Let G G i r fc+i(if). f/ |G — if > 3, t/ien G — H contains no vertex v with wt(u) = 0. 

Proof. Let |G — if | > 3 and let v be a vertex of G — if with wt(v) = 0, the zero vector. Suppose 
that there is some vertex w of G — if distinct from v such that the edge vw has nonzero weight. 
Then the edge vw is rank-increasing for each M G M1Z(H), so X„ u , = AiTZ(H). This contradicts 
Proposition [29] Therefore, wt(uui) = for every w G V^(G — if) and v is an isolated vertex in G. 
Therefore mr(G) = mr(G — v) = k, so G ^ Tk+i{H), a contradiction. □ 

Lemma 33. Let G G T k+1 (H). If \G - H \ > \C(H)\ + 1, then 1 V {g-h) + MTZ(H) (i.e., there 
exists some C G C for which V(G — if) is rank-preserving with respect to each M G C). 

Proof. Suppose that Iv(g-h) — MTZ(H). Choose vertices t%, . . . , t\c(H)\ from V(G — if) such that 
C z CI U for % = 1,.. ., \C(H)\. Let T be the set containing t x , . . . ,*|e(ff)|- Then |T| < |C(if)| and 
J T =MTZ{H). Letu G V(G~H)\T. ThenJ v(G ^ HMv} = MK(H) andmr(G-w) > fc, which is a 
contradiction. Thus there is some M G M7Z(H) and corresponding G G C(if ) for which V^(G — if) 
is rank-preserving. □ 

By Observation \Tf\ mr(G) > k if and only if there exist subsets E' C f?(G - if) and V C 
y(G-if) such that l E >Ul v > = M1Z{H). We will be interested in "minimal" subsets f? C E(G—H) 
and T C V(G — if) such that IrUIt = MTZ(H) because R and T provide an upper bound for 
|G — if |, as the following theorem shows. 

Theorem 34. Assume that mr(G) > k. Let R be a set of edges in G — if and T be a set of vertices 
in G — if such that Ir U It = A41Z(H). Let S = Uij£n{i,j}, the set of vertices incident to the 
edges in R. If G G Fk+i(H), then \G - H\ < \S\ + |T| < 2|f?| + \T\. 
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Proof. We prove the contrapositive. Suppose that |G — H\ > \S\ + \T\ for some R, S, and T 
satisfying the hypotheses. Let v G V(G — H) \ (S U T) be a vertex in G — H that is different from 
the vertices in S or T. Then mr(G — v) > k and G <£ F k+ x(H). □ 

The basic idea behind our strategy is to minimize the size of \S\ + \T\ to get an upper bound 
on the number of vertices in G — H for which G G J-k+i{H). 

In our proofs in Sections 0H9l we will examine possible cases for Is, Ir, and It- The following 
four properties will significantly reduce the number of cases we will need to consider. 

Assume that G is a graph such that mr(G) > k. Let R C E(G - H) and T C V(G - H). Let 
S = Uij£n{i, j}, the set of vertices incident to the edges in R. Then the following properties are a 
direct consequence of the definition of rank-increasing vertices and edges. 

PI. Ig and It are each the union of equivalence classes in C(H). 

P2. Ig C I R since if v E S is rank-increasing for a matrix M G A41Z(H), then any edge incident 
to v is also rank-increasing for M (Observation FlUty . 

In addition, if G G F k+1 {H), \G - H\ > \C(H)\ + 1, and Ir UIt - MK{H), the following 
properties are consequences of Lemma 1331 

P3. IsUIt^ C(H). This implies that I s + M1Z(H) and I T + M1Z(H). 

P4. There exists a C G C{H) such that C C I R \ I s . This implies that I R ^ 0. 

Property |4] is a consequence of I R UIt — MTZ(H) and properties FQ]and H3 

Definition 35. Assume that mr(G) > k. Let A be the set of triples (R,S,T) such that 

(a) R C S(G -H), S = U ijeR {i,j}, and T C V(G - if); 

(b) I fi Ul T = MK(H); and 

(c) 2|i?| + \T\ is minimized. 

From the triples in A, select those that minimize \R\, and from these triples, choose the triples 
(R, S, T) that minimize We call such an (i?, S, T) an optimal triple for G and H . 

Theorem 36. Assume that mr(G) > k. Let (R,S,T) be an optimal triple for G and H. Then 

(a) For every v G T, I v % (It\{ v } UZs) ; and 

(b) For every uv G R, I uv % {Ir\{ uv } U Is UI t ). 



Proof. Suppose that S and T do not satisfy (a) Let v be a vertex for which the property does not 
hold. Then I R UI T \{ V } = MK(H), but 2\R\ + |T\{v}| < 2\R\ + |T|. This is a contradiction since 
(R, S, T) G A. 

Suppose that R, S, and T do not satisfy [(b)] Let uv be an edge for which the property does 
not hold. Let R' = R\{uv}, S' = U xvER >{x,y}, and T = TU {u,v}. Then I R , UI T > = M1Z(H) 
and 2\R'\ + \T\ < 2\R\ + \T\, so (R 1 , S', T') G A. However, \R'\ < \R\. This is a contradiction since 
(R, S, T) is an optimal triple. □ 
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The minimality of | t S'| was not used in the proof of Theorem 1361 but will be used later. 

Let (R,S,T) be an optimal triple for G and H. Theorem I3^a)| implies that for every vertex 
v G T, there is class of matrices C G C(H) such that v is rank-increasing with respect to every 
matrix in C, while every other vertex in T and every vertex in S is rank-preserving with respect to 
every matrix in C. Consequently, there are at most \It \Is\ vertices in T. Theorem I3(jtb)| implies 
that for every edge uv G R, there is some matrix M G M1Z(H) such that uv is rank-increasing 
with respect to M, while every other edge in R and every vertex in S U T is rank-preserving with 
respect to M. Consequently, there are at most \Ir \Xsut\ = \Ir \ (Is UZr)| edges in R. 

Corollary 37. Assume that mr(G) > k. If (R, S,T) is an optimal triple for G and H, then 

(a) \T\ < \i T \Zs\ = \{C G C(H) | C C (I T \Ig)}\, and 

(b) \R\ < \1 R \(X S U1 T )\. 

This corollary gives one upper bound for \R\. There will be times that we can prove that an 
edge in R is rank- increasing for one matrix Mi G A47Z(H) if and only if it is also rank-increasing 
for another matrix Mj G M1Z(H). In these cases, we can get a smaller upper bound for \R\. 

Corollary 38. Assume that mr(G) > k and let (i?, S,T) be an optimal triple for G and H. Then 

SnT = 0. 

Corollary 39. Let G G J~k+i(H) and let (R,S,T) be an optimal triple for G and H. If Ir = 
M1Z(H), then T = and \G-H\<\S\ <2\R\. 

Proof. Since T R = M1Z(H), IrUI® = MIZ(H). Since for any T C V(G-H), 2|i?| + |0| < 2|i?| + |T|, 
we have T = by the minimality of 2\R\ + \T\. By Theorem [511 \G-H\< \S\. □ 

The following lemma and corollary give conditions sufficient to reduce the size of the upper 
bound for 

Lemma 40. Assume that mr(G) > k. Let (R,S,T) be an optimal triple for G and H. Suppose 
that 

(a) \R\ = 2, 

(b ) If uv and wx are any two edges between vertices in S, then either I wx \ Is — I uv \ Is or 
Iwx \1s = (^R \ luv) \ Is, and 

(c) there are two (not necessarily distinct) vertices v and w, one incident to each edge of R, such 
that = Is- 

Then \S\ = 3. 

Proof. Since \R\ = 2, we have 3 < \S\ < 4. Suppose that |5| = 4. Let R = {uv,wx} and 
S = {u, v, w,x}, where T\ V:W } — Is- Let A = I uv \ Ts an d B = (Ir \ I U v) \ Is- We have 
Iwx\Is A by Theorem l36|tb)| so I wx \Xs = B by hypothesis |(b)| By hypothesis |(b)| I vw \Is = A 
or I vw \ Is = B. 

I. X vw \ Is = A. Let R' = {vw, wx} and S' — {«, w, x}. 

II. I vw \Tg = B. Let R' = {uv, vw} and S' = {u, v, w}. 
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Since {v, w} C S' , l s > = Is- Also 1 R , = A U B U T s , = A U B U I s = 1 R . Therefore, (RJ, S', T) 
is a triple such that T R , U I T = MK(H), 2\R'\ + \T\ = 2\R\ + \T\, and \R'\ = |P|, but \S'\ < \S\, 
which contradicts the optimality of (R,S,T). Thus |5| = 3. □ 

Corollary 41. Assume that mr(G) > k. Let (i?, S, T) be an optimal triple for G and H. Suppose 
that 

(a) \R\ = 2, 

(b ) If uv and wx are any two edges between vertices in S, then either I wx \ Ts = I U v \ Is or 
Iwx \Is = (Ir \ luv) \ Is, and 

(c) \Is\ < 1. 
Then \S\ = 3. 

Proof. Since \Is\ £ li there is some vertex y £ S such that X y — Is- Therefore I{ y , z } = Is for any 
vertex z£S. Applying Lemma l40l then gives the result. □ 

In Sections HH21 we will determine an upper bound for the number of vertices in graphs in 
J~i{H) for each graph H in 

^3 = {3^2, ^3 V P3, dart, x , P 3 U K 2 , full house, P 4 }. 

We will then apply Corollary [14] to determine the maximum number of vertices in a graph in ^-4. 



4 H = 3K 2 or H = P 3 V P 3 

By Proposition H3 1X7^(3^2)1 = 1 and \MK{P 3 V P 3 )\ = 1, so applying Corollary [31] gives the 
following lemma. 

Lemma 42. If G e Fi{?>K 2 ) or G e T A {P 3 V P 3 ), then \G\ < 8. 



5 H = Dart 



Lemma 43. If G e ^4 (dart), then |G| < 7. 

Proof. Suppose that G E J- a (dart) and \G\ > 8 (i.e., \G — H\ > 3). Then G — H has no vertices 
with zero weight by Corollary [32] Assume that (R,S,T) is an optimal triple for G and the dart. 
Let Am(dart) = {Mi,M 2 } and C(dart) = {C% = {Mi},C 2 = {M 2 }} be as in Proposition [pp)} 
By property flU I s 6 {0, d, C 2 , C x U C 2 }. By property Ifls^dU C 2 . Thus Z s S {0, Ci, C 2 } 
and we have the following cases. 

Case 1: I s = 0. By Observation YM if w € S, then 

wt(«) e col(AfO n col(Ma) = {0, v x = (0, 1, 0, 1, 0) T , v 2 = (1, 0, 0, 1, 0) T , V3 = (1, 1, 0, 0, 0) T }. 

The rank-preserving tables for [v±, v 2 , V3} with respect to Mi and M 2 are, respectively, 



Pi 




1 1 
1 1 



and P 2 




1 1 
1 1 
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Since Pi — P2, an edge in R is rank-preserving for Mi if and only if it is also rank-preserving 
for M 2 . This combined with property F(4] implies that Ir = {MijAfg}. Since Mi G I uv if and 
only if M 2 G X u „ for any edge uv G P, Theorem I3^[b)| im plies that \R\ — 1 and \S\ — 2. Since 
Ir = AIT?. (dart), T = and \G — H\ < 2 by Corollary 1391 This contradicts our assumption that 
|G| > 8, so this case cannot occur. 

Case 2: Z5 = {Mi} or 1$ = {M2}. In each of these cases, by property FQJ Xr = {AfijMj}. 
By Corollary[33 \R\ < 1, so \R\ = 1. Again, since Z B = AJT?(dart), T = and |G - H\ < 2 by 
Corollary [39] This contradicts our assumption that \G\ > 8, so neither of these cases can occur. 

Thus \G - H\ > 3 is impossible, so \G - H\ < 2 and \G\ < 7. □ 

6 H = k 

Lemma 44. If G £ J" 4 (k), tten |G| < 8. 

Proof. Suppose that G G ^(k) and |G| > 8 (i.e., G - 7J| > 3). Then G - H has no vertices 
with zero weight by Corollary [321 Assume that (R, S, T) is an optimal triple for G and k . Let 
A4T?(k) = {A/i,M 2 ,M 3 } and C(x) = {Gi = {Afi,Af 2 },G 2 = {M 3 }} be as in Proposition [Tgd)] 
By property Fffl X s G {0, Gi, G 2 , Gi U G 2 }. By property Bl I s + d U G 2 . Thus I s G {0, Gi, G 2 } 
and we have the following cases. 

Case 1: I s = 0. By Observation [23 if v G S, then 

3 

wt(«) G f|col(MA - {0, vi - (0,1,1,0,0) T , v 2 = (1,0,0,1,1) T , v a = (1, 1, 1, 1, 1) T }. 

i=l 

The rank-preserving tables for [wi,f 2 ,W3] with respect to M\, M 2 , and M3 are, respectively, 





'1 





1 




"0 





0" 




"0 





0" 


Pi = 





1 


1 


, P2 = 





1 


1 


, and P3 = 





1 


1 




1 


1 










1 


1 







1 


1 



Since P 2 = P3, an edge in R is rank-preserving for M 2 if and only if it is also rank-preserving 
for M3. Thus, we must either have both M 2 and M3 in Ir or have neither in the set. Thus 
Ir G {{Mi, M 2 , A/ 3 }, {M 2 ,M 3 }, {Mi}}. By property Pgl I R ^ {Mi}. Therefore we have the 
following cases. 

Subcase 1.1: I R = {Mi,M 2 ,M 3 }. Since I R = MTZ(x), Corollary [39l implies that T = and 
\G -H\ < \S\ < 2\R\. Since M 2 G I uv if and only if M 3 G I uv for each edge uv G R, \R\ < 2 by 
Theorem [g^b)] If |P| < 1, then |G - PT| < 2, a contradiction. If |P| = 2, then Theorem Hffb)] 
implies that R consists of an edge uv such that I uv = {Mi} and another edge wx such that 
1 W x = {M 2 , M 3 }. Since the second row and column of Pi, P 2 , and P3 are identical, we see that if 
any vertex in 5, say u, has weight t> 2 , then the edge in R incident to the vertex must have either 
I uv = Ir or I uv = 0. Neither of these cases occur, so u, v, w, and x each must have weight vi 
or 1)3. Note that since the principal submatrices Pi[l, 3] and P 2 [l, 3] = p3[l, 3] are complementary, 
any edge between vertices with weights vi or W3 must be either rank-increasing for Mi and rank- 
preserving for Af 2 and M3, or rank-increasing for M 2 and M3 and rank-preserving for M\. This 
fact combined with the facts that |P| = 2 and |Xg| =0 allow us to apply Corollary [41] to conclude 
that |5| = 3, |G - H\ < 3, and |G| < 8. 
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Subcase 1.2: I R = {M 2 ,M 3 }. Since I R U I T = MTZ(H), properties Ffj] and F(3] imply that 
1 T = {Mi,M 2 }. By CorollaryEZl \R\ < 1 and |T| < 1. By TheoremUfl \G-H\< 3, so \G\ < 8. 

Case 2: Z s = {Ml,M 2 }. By property Pgl I r = {Mi,M 2 ,M 3 }, so T = and |G - < 2|P| 
by Corollary [39l By Corollary [37l |P| < 1, so \G — H\ < 2. This contradicts the assumption that 
\G — H\ > 3, so this case cannot occur. 

Case 3: I s = {A/3}. By Observation [26l if v S S, then 

wt(«) E col(Mi) = col(M 2 ) = {0, «i = (0, 0, 0, 1, 1) T , v 2 = (0, 1, 1, 0, 0) T , v 3 = (0, 1, 1, 1, 1) T , 
v 4 = (1,0,0,0,0) T , v 5 = (1,0,0,1, 1) T , wb = (1,1,1,0,0) t , «7 = (1,1,1,1,1) T }. 

The rank-preserving tables for [v%, v 2 , W3, V4, 1)5, vq, v-j] with respect to M\ and M 2 are, respectively, 



1 


1 








1 


1 


0" 




"1 


1 








1 


1 


0" 


1 


1 





1 








1 




1 





1 


1 





1 














1 


1 


1 


1 







1 


1 


1 


1 











1 


1 








1 


1 


and P 2 = 





1 


1 








1 


1 


1 





1 





1 





1 




1 





1 





1 





1 


1 





1 


1 





1 







1 


1 





1 








1 





1 


1 


1 


1 



















1 


1 


1 


1 



By property FH 1 r = {M X ,M 2 , M 3 }, so T = and \G-H\< \S\ by CorollaryE! By CorollaryEH 
\R\ < 2. If \R\ = 1, then \G - H\ < 2, which is a contradiction. If \R\ = 2, then Theorem Hfb)] 
implies that R consists of an edge uv such that X uv \Zs = {Mi} and another edge vox such that 
I wx \ Is — {-^2}- Since the first, fourth, and fifth rows and columns of P\ and P 2 are identical, 
we see that if any vertex, say it, has weight v\, W4, or V5, then the edge in R incident to the vertex 
must have either X uv \ Tg = X R \ Is 

or I uv \ Ig — 0- Neither of these cases occur, so it, v : w, and 
x each must have weight v 2 , V3, vq, or v-j. As in Subcase 11.11 since Pi[2,3, 6,7] and P 2 [2,3, 6,7] 
are complementary, \R\ — 2, and \Ts\ — 1, we can apply Corollary UJJ to conclude that |5| = 3, 
\G -H\< 3, and \G\ < 8. □ 

7 H = P 3 UK 2 

Lemma 45. If G E ^{P s U K 2 ), then \G\ < 8. 

Proof. Suppose that G G ^(Ps U K 2 ) and \G\ > 8 (i.e., \G- H\ > 3). Then G - H has no vertices 
with zero weight by Corollary I3"2l Assume that (R,S,T) is an optimal triple for G and P3 U K 2 . 
Let MTZ(P 3 U K 2 ) = {M 1 ,M 2 ,M 3 } and C(P 3 U K 2 ) = {d = {M 1 ,M 2 },C 2 = {M 3 }} be as in 
Proposition 1 17[f c)| By properties P[TJand FEl G {0, C\,C 2 }, so we have the following cases. 

Case 1: I s = 0. By Observation [26l if v € S, then 

3 

wt(«) £ f| col(Mi) = {0, vi = (0, 0, 0, 1, 1) T , v 2 = (1, 0, 1, 0, 0) T , v a = (1,0, 1, 1, 1) T }. 
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The rank-preserving tables for [vi, v 2 , v 3 ] with respect to Mi, M 2 , and M 3 are, respectively, 





'1 





1" 




1 





f 




"1 





1" 


Pi = 











, p 2 = 





1 


1 


, and P 3 = 













1 





1 




1 


1 







1 





1 



Since Pi = P 3 , an edge in R is rank-preserving for Mi if and only if it is also rank- preserving for 
M 3 . Thus I R G {{M U M 2 ,M 3 }, {Mx,M 3 }, {M 2 }}. By property FH I R ^ {M 2 }. Therefore we 
have the following cases. 

Subcase 1.1: I R = {Mi,M 2 ,M 3 }. Since 2 R = M1Z{P 3 U K 2 ), Corollary [39l implies that T = 
and \G — H\ < \S\ < 2\R\. We reason as in Subcase 11.11 in Section[6] Since Mi G I uv if and only 
if M 3 G Z„„ for each edge uv G P, |P| < 2 by Theorem l37jFb)j If \R\ = 1, then \G - H\ < 2, 
a contradiction. If \R\ = 2, then Theorem l3^Tb)| implies that R consists of an edge uv such that 
Iuv = {Mi, M 3 } and another edge wx such that T wx = {M 2 }- Since the first row and column of 
Pi, P 2 , and P 3 are identical, we see that if any vertex, say u, has weight vi, then the edge in R 
incident to the vertex must have either X uv = X R or I uv — 0. Neither of these cases occur, so u, v, 
w, and x each must have weight v 2 or v 3 . As in Subcase ll.il in Section [6) since Pi [2, 3] and P 2 [2, 3] 
are complementary, |P| = 2, and |2~s| = 0, we can apply Corollary [41] to conclude that l^l = 3, 
\G-H\ < 3, and \G\ < 8. 

Subcase 1.2: 1 R = {Mi,M 3 }. Since 1 R U 1 T = MTZ(H), properties FQ] and F(3] imply that 
It = {M U M 2 }. By CorollaryEZl \R\ < 1 and \T\ < 1. By Theorem|34l \G - H\ < 3, so \G\ < 8. 

Case 2: Z 5 = {Mi,M 2 }. By property FH 1 r = {M X ,M 2 ,M 3 }, so T = and |G - P| < 2|P| 
by Corollary El By Corollary E3 \R\ < 1, so \G - H \ < 2 and |G| < 7. This contradicts the 
assumption that \G\ > 8, so this case cannot occur. 

Case 3: l s = {M 3 }. By Observation [H if v G S, then 

col(M 2 ) = {0, vi = (0, 0, 0, 1, 1) T , v 2 = (0, 1, 0, 0, Of, v 3 = (0, 1,0, 1, if, 

(1,0,1,0,0) T , v 5 = (1,0,1,1,1) T , v 6 = (1,1,1,0,0) T , « 7 = (1,1,1,1,1) T }. 



wt(v) g col(Mij = coi(M 2 j = |u, «i = (u, u, u, 1, iy , v 2 
v 4 = (i,v,i,u,ur , v 5 = ^i,u,jl,i,i;-, v 6 
The rank-preserving tables for [vi, v 2 ,v 3 ,V4,vz,vq, vj] with respect to Mi and M 2 are, respectively, 



Pi 



and Po 



By property FH I R = {M U M 2 ,M 3 }, so T = and |G-P| < |5| by CorollaryEl By CorollaryEU 
\R\ < 2. If |P| = 1, then \G - H\ < 2, which is a contradiction. If \R\ = 2, then Theorem B^fb)] 
implies that R consists of an edge uv such that J uv \ Is = {Mi} and another edge wx such that 
Iwx \ Is — {M 2 }- Since the first three rows and columns of Pi and P 2 are identical, we see that 
if any vertex, say u, has weight v%, v 2 , or v 3 , then the edge in R incident to the vertex must have 
cither l uv \ I S =I R \Is or Iuv \ Is — 0- Neither of these cases occur, so u, v, w, and x each must 
have weight V4, v$, v 6 , or v 7 . As in Subcase [1.11 in Section [6j since Pi[4,5,6, 7] and P 2 [4, 5,6,7] 
are complementary, |P| = 2, and \Is\ = 1, we can apply Corollary I4T1 to conclude that IS"! = 3, 
\G-H\ < 3, and \G\ < 8. □ 
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8 H = full house 



Lemma 46. If G G ^4 (full house), iften |G| < 8. 

Proof. Suppose that G G ^4 (full house) and |G| > 9 (i.e., |G - ff| > 4). Then G-H has no 
vertices with zero weight by Corollary [321 Assume that (R, S, T) is an optimal triple for G and the 
full house. Let MK(Ml house) = {Mi, M 2 , M 3 , M 4 } and C(full house) = {d = {Mi,M 2 },C 2 = 
{M 3 }, C 3 = {M 4 }} be as in Proposition Eff}| By properties F{T]and Bl Z s G {0, C 1; C 2 , C 3 , Ci U 
C 2 , Ci U C3, C 2 U C 3 }, so we have the following cases. 

Case 1: l s = 0. By Observation HU if v G S, then 

4 

wt(v) G p| col(M<) - {0, V! = (0, 0, 0, 1, 1) T }. 

i=l 

The rank-preserving tables for with respect to Mi, M 2 , M3, and M4 are, respectively, 

Pi = [0] , P 2 = [1] , P 3 = [1] , and Pi = [0] . 

Since Pi = P4 and P 2 = P 3 are complementary, an edge uv in R has either I m = {Mi,Mi} or 
l uv = {M 2 ,M 3 }. Thus X fl G {{Mi,M 2 ,M 3 ,M4}, {Mi,M 4 }, {M 2 ,M 3 }}. Therefore we have the 
following cases. 

Subcase 1.1: I fl = {M 1: M 2 , M 3 , M^}. Since Ir = MTZ(Ml house), Corollary [551 implies that 
T = and \G - H| < |5| < 2|i?|. We reason as in Subcase O in Section [BJ Since M x G 2"™ if 
and only if M4 G I uv and M 2 G Xj lt , if and only if M 3 G X, lt , for each edge uv G R, \R\ < 2 by 
Theorem [Iffb")] If |P| = 1, then \G - H\ < 2, a contradiction. If |i?| = 2, then Theorem Hfb)] 
implies that i? consists of an edge uv such that T uv — {Mi,Mi} and another edge wx such that 
Iwx = {M 2 ,M 3 }. As in Subcase II. II in Section[6j since Pi = P 4 and P 2 = P 3 are complementary, 
|P| = 2, and \Is\ = 0, we can apply Corollary I4T1 to conclude that | | =3, \G — H\ < 3, and 
\G\ < 8. This contradicts the assumption that \G\ > 9, so this case does not occur. 

Subcase 1.2: J R = {Mi,M 4 }. Since 1 R UI T = MTZ(H), properties BU and F{3] imply that 
It = {Mi,M 2 ,M 3 }. By Corollary [371 < 1 and \T\ < 2. If \T\ = 2, then by Theorem [ifa)] T 
consists of a vertex v such that T v = {Mi, M 2 } and another vertex w such that T w = {Af 3 }. Since 
v is rank-preserving with respect to M 3 and M4, wt(v) G col(M 3 ) n col(A/4) = {0, (0, 0, 0, 1, 1) T }, 
so wt(v) = (0, 0, 0, 1, 1) T . But then T v = 0, a contradiction, so this case does not occur. 

Subcase 1.3: 1 R = {M 2 ,M 3 }. Since 2 R l)l T = MTZ(H), properties FTTjand BHimply that 1 T = 
{Mi,M 2 ,M 4 }. By CorollaryETJ \R\ < 1 and \T\ < 2. Again, if \T\ = 2, then by Theorem [3j£a)J 
T consists of a vertex v such that l v = {Mi,M 2 } and another vertex w such that I w ~ {M4}. 
Proceeding as in Subcase 1 1.2[ wt(w) = (0, 0, 0, 1, 1) T and I v = 0, a contradiction, so this case does 
not occur. 

Case 2: l s = {Ah,M 2 }. By Observation l26l if v G S, then wt(u) G col(M 3 ) n col(M 4 ) = {0, «i 
: f). 0, 0, 1, 1) T }. But then J5 = 0, a contradiction, so this case does not occur. 
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Case 3: I s = {A/3}. By Observation [H if v G S, then 

wt(v) G col(Mi) n col(M 2 ) n col(M 4 ) = {0, vi = (0,0,0,1,1) T , v 2 = (1,1,1,0,0) T , 

v 3 = (1,1, 1,1, if}- 

The rank-preserving tables for [v\,V2,v^] with respect to Mi, M 2 , and M 4 are, respectively, 





"0 





0" 




1 


1 


0" 




"0 





0" 


Pi = 





1 


1 


, P2 = 


1 





1 


, and P 4 = 





1 


1 







1 


1 







1 


1 







1 


1 



Since Pi = P 4 , an edge in R is rank-preserving for Mi if and only if it is also rank-preserving for 
M 4 . Thus I R e {{Mi, M 2 , M 3 , M 4 }, {Mi, M 3 , M 4 }, {M 2 , M 3 }}. By property Hi I R ± {M 2 , M 3 }. 
Therefore we have the following cases. 

Subcase 3.1: I R = {Mi,M 2 ,M 3 ,M A }. Since J R = .M7?.(full house), Corollary l39l implies that 
T = and \G — H\ < \S\. We reason as in Subcase ll.il in Section [6] Since Mi G I uv if and only if 
M 4 G X ul) for each edge ™ G P, |P| < 2 by Theorem Hgb)] If \R\ = 1, then \G - H\ < 2, which 
is a contradiction. If \R\ = 2, then Theorem I5^(b) | implies that R consists of an edge uv such that 
luv \ Is — {Mi,M 4 } and another edge wx such that I wx \ Is = {M 2 }. Since the third row and 
column of P 4 , P 2 , and P 4 are identical, we see that if any vertex, say u, has weight w 3 , then the edge 
in R incident to the vertex must have either X uv \ Xg = Ir \ Is or I uv \ Is = 0. Neither of these 
cases occur, so u, v, w, and x each must have weight v\ or w 2 . As in Subcase ll.ll in Section [6l since 
Pi[l, 2] = P 4 [l, 2] and P 2 [l, 2] are complementary, |P| = 2, and \I$\ — 1, we can apply Corollary I4T1 
to conclude that |5| = 3, \G — H\ < 3, and \G\ < 8. This contradicts the assumption that \G\ > 9, 
so this case does not occur. 



Subcase 3.2: I R = {Mi,M 3 ,M 4 }. Since I R U I T = MTZ(H), properties F[T]and F(U imply that 
I T = {Mi,M 2 } or I T = {Mi,M 2 ,M 3 }. In each of these cases, \R\ < 1 and \T\ < 1 by The- 
orem Eljfb)] and Corollary [37l implying that \G — H\ < 3 and \G\ < 8. This contradicts the 
assumption that \G\ > 9, so these cases do not occur. 

Case 4: I s = {M 4 }. By Observation EH if v G S, then 

wt(v) e col(Mi) n col(M 2 ) n col(M 3 ) = {0, vi = (0, 0, 0, 1, 1) T , v 2 = (0, 1, 1, 0, 0) T , 

v 3 = (0,1,1,1,1) T }. 

The rank-preserving tables for [i>i,v 2 ,v 3 ] with respect to M 4 , M 2 , and M 3 are, respectively, 





"0 


1 


f 




"1 





1" 


Pi = 


1 


1 





, p 2 = 













1 





1 




1 





1 



and Pi 



1 1 



1 1 



Since P 2 = P 3 , an edge in R is rank-preserving for M 2 if and only if it is also rank- preserving for 
M 3 . By properties F(2]and Fd I R G {{Mi, M 2 , M 3 , M 4 }, {M 2 , M 3 , M 4 }}, so we have the following 
cases. 
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Subcase 4.1: X R = {M 1 ,M 2 ,M 3 ,M 4 }. Since X R = .M7£(full house), Corollary 1551 implies that 
T = and |G — H\ < \S\. We again reason as in Subcase 11.11 in Section [6] Since M 2 G X„„ if and 
only if M 3 G luv for each edge uv G P, |P| < 2 by Theorem Hp)j If \R\ = 1, then |G - if | < 2, 
which is a contradiction. If \R\ = 2, then Theorem I3tjhb)| implies that R consists of an edge uv 
such that X uv \Ts = {M 2 ,M 3 } and another edge wx such that X wx \ X S = {Mi}. Since the third 
row and column of Pi, P2, and P 3 are identical, we sec that if any vertex, say u, has weight 113, 
then the edge in R incident to the vertex must have either X uv \ X$ = X R \ Xg or X uv \ X$ = 0. 
Neither of these cases occur, so u, v, w, and x each must have weight v\ or v 2 . As in Subcase ll.il 
in Section [6l since Pi [1,2] and P2[l,2] = P 3 [l,2] are complementary, \R\ = 2, and \Xs\ = 1, we 
can apply Corollary [41] to conclude that \S\ = 3, \G — H\ < 3, and \G\ < 8. This contradicts the 
assumption that \G\ > 9, so this case does not occur. 

Subcase 4.2: X R = {M 2 ,M 3 ,M i }. Since X R U X T = MU{H), properties Fffland F(3] imply that 
X T = {M U M 2 } or X T = {Mi, M 2 , M 4 }. In each of these cases, \R\ < 1 and \T\ < 1 by The- 
orem [3ljfby] and Corollary [37l implying that \G — H\ < 3 and \G\ < 8. This contradicts the 
assumption that \G\ > 9, so these cases do not occur. 

Case 5: X$ = {Mi,M2,Ms} or X$ = {Mi,M2,M4}. In each of these cases, by property F01 
X R = {Mi,M 2 ,M 3 ,M 4 }, so T = and \G - H\ < 2\R\ by Corollary ES In each of these cases, 
|P| < 1 by Corollary [37l so \G — H\ < 2 and \G\ < 7. This contradicts the assumption that \G\ > 9, 
so these cases do not occur. 

Case 6: X s = {Ms, M 4 }. By Observation if v G S, then 

wt(«) G col(Mi) = col(M 2 ) = {0, vx = (0, 0, 0, 1, 1), v 2 = (0, 1, 1, 0, 0), v 3 = (0, 1, 1, 1, 1), 
v 4 = (1,0,0,0,0), v 5 = (1,0,0, 1, 1), v 6 = (1, 1, 1,0,0), v 7 = (1, 1, 1, 1, 1)}. 

The rank-preserving tables for [v%, v 2 ,v 3 ,V4,V5,ve, v-j] with respect to Mi and M 2 are, respectively, 



P = 



11110 
110 10 1 
10 10 10 1 
110 110 
10 110 10 
1 1 1 1 
110 11 



and P? = 



'10 110 10' 
1 1 1 1 
10 10 10 1 
110 110 
11110 
110 10 1 
110 11 



By property FH X r = {Mi, M 2 , M 3 , M 4 }, so T = and \G - H\ < \S\ < 2\R\ by CorollaryEi By 
Corollary [371 \R\ < 2. If \R\ = 1, then \G-H\<2 and \G\ < 7, a contradiction. 

Suppose that \R\ = 2. Let R = {uv,wx}. Theorem GSjfbJ] implies that R consists of an edge 
ei such that X ei \ Xs = {Mi} and another edge e 2 such that X e2 \ Xs = {M 2 }. Since the third, 
fourth, and seventh rows and columns of Pi and P 2 are identical, we see that if any vertex, say a 
vertex in ei, has weight u 3 , U4, or v-j, then the edge in R incident to the vertex must have either 
X ei \ Xs = X R \ Xs or X ei \ Xs = 0- Neither of these cases occur, so each of the vertices in S 
must have weight v\, v 2 , V5, or Vq. Note also that Pjl, 2, 5, 6] and P 2 [l, 2, 5, 6] are complementary. 
However, we cannot proceed as before and apply Corollary |4T1 since \Xs\ = 2. 

If there are vertices a and 6, one incident to each edge of R, such that I{ a .fc} = Xs, then we can 
apply Lemma l40l and conclude that \S\ =3, \G — H\ < 3, and \G\ < 8, a contradiction. 
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Suppose that \S\ = 4 and there are not two vertices a and b in R such that a is incident to 
one edge, b is incident to the other edge, and 1{ a ,b] =%s = {M 3 , M4}. By relabeling, if necessary, 
we then have T u = {M3}, X v = {M4}, X w = 0, and T x = 0. Recall also that for any vertex 
a £ S, wt(a) £ {vi, V2, V5, Vq}. Notice that if a vertex a has weight wt(a) = v\, then I a = 0, so 
wt(u) ^ vi and wt(u) ^ Vi. Moreover, wt(u) £ col(M4) while v 2 ,W5 ^ col(M4). Thus wt(u) = vq. 
Also wt(u) £ col(M3) and v^,vq ^ 001(^/3), so wt(v) = v 2 . Since wt(u>), wt(x) £ col(Mi) for all i, 
wt(w) = wt(x) = V\. 

Since \R\ = 2, either 2 UV \ 2 S = {Mi} and 2 WX \ Is = {M 2 }, or 2 UV \ 2 S = {M 2 } and 
Zw*\Is = {Mi}. 

Suppose that l uv \ Ts = {Mi} and l wx \Ts = {M 2 }. Since M 2 £ !„, wt(?ra) = 0, which 
implies that M 3 € Z wx . Either M 2 £ or M 2 ^ 2^u>. 

I. M 2 G T vw - Let i?' = {uw, vw}. 

II. M2 ^T vw . Then wt(vu>) = 0, so Mi £ It™. Let i?' = {vw,wx}. 

In either case, Xr< = M1Z(H), so G £" ^-4 (full house) by Corollary [28] This is a contradiction. 
Suppose that T uv \Is = {M 2 } and 2^ \Ts = {Mi}. Either Mi £ T vw or Mi g" 2„ ffl , 

I. Mi £ 1 VW . Let R! = {uv, vw}. 

II. Mi ^ Then wt(tnu) = 1, so M 2 £ X wl „. Also, as can easily be checked, M3 £ T vw . Let 
R' = {vw, wx}. 

In either case, Iri — M1Z(H), so G £ ^4 (full house) by Corollary |2"51 This is a contradiction. 

Therefore \S\ 7^ 4, so \G — H\ < \S\ < 3 and \G\ < 8. This contradicts the assumption that 
\G\ > 9, so this case does not occur. 

For every possible value of Is, we have reached a contradiction. Thus \G — H\ > 4 is impossible, 
so \G - H\ < 3 and \G\ < 8. □ 

9 H = P A 

Lemma 47. If G £ J r 4 (P 4 ), then \G\ < 8. 

Proof. Suppose that G £ Fi{Pi) and \G\ > 8 (i.e., |G - H | > 4). Then G - H has no vertices 
with zero weight by Corollary I3"2l Assume that (R,S,T) is an optimal triple for G and P4. Let 
MK(P 4 ) = {Mi, M a , M a , M 4 , M 5 } and C(P 4 ) = {Ci = {M 1} M 2 }, C 2 = {M 3) M 4 }, C 3 - {M 5 }} be 
as in Proposition II ^g) I By properties Fffland B2J X s 6 {0, Ci, C 2 , C 3 , Gi U C 2 , C\ U G 3 , C 2 U C 3 }, 
so we have the following cases. 

Case 1: r s = 0. By Observation l26l if v £ 5, then 

5 

wt(v) £ flco^Mi) = {0, vi = (1,0,0,1) T }. 

t=i 

The rank-preserving tables for [vi] with respect to Mi, M 2 , M3, M4, and M5 are, respectively, 
Pi = [1] , P2 = [0] , P 3 = [1] , Pi = [0] , and P 5 = [1] . 
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Since Pi = P 3 = P5 and P 2 = P 4 are complementary, an edge uv in R has either I uv = 
{Mi,Af 3 ,M 5 } or X™ = {M 2 ,M 4 }. ThusZ^ e {{Mi, M 2 , M 3 , M 4 , M 5 }, {Mi,M 3 ,M 5 }, {M 2) M 4 }}. 
By property FlU 2# 7^ {M 2 , M4}. Therefore we have the following cases. 

Subcase 1.1: I R = {Mi,M 2 , M 3 , M 4 , M 5 }. Since I R = MTZ(P 4 ), Corollary l39l implies that T = 
and \G-H\< 2\R\. By Theorem HgE}) |P| < 2, so |G - i?| < 4 and |G| < 8. 

Subcase 1.2: Z K = {Mi,M 3 ,M 5 }. Since I fi Ul T = MTZ(H), properties FQ]and F(3] imply that 
It = {M 1 ,M 2 ,M 3 ,M 4 }. By Corollary [33 \R\ < 1 and |T| < 2. By Theorem|3l |G- H\ < 4, so 
|G|<8. 

Case 2: X s = {M x , M 2 }. By Observation [26| if v e S, then 

wt(u) £ col(M 3 ) n col(M 4 ) n col(M 5 ) = {0, Vi = (0, 1, 0, 1) T , v 2 = (1,0, 0, if, 

v 3 = (1,1,0,0) T |. 

The rank-preserving tables for [wi,f 2 ,w 3 ] with respect to M 3 , M 4 , and M 5 are, respectively, 





"0 










1 


1 







"0 





0" 


Pz = 





1 


1 


, Pi = 


1 





1 


, and P5 = 





1 


1 







1 


1 







1 


1 







1 


1 



Since P 3 = P5, an edge in R is rank-preserving for M 3 if and only if it is also rank-preserving 
for M 5 . Thus I R e {{Mi,M 2 ,M 3 ,M 4 ,M 5 }, {M 1 ,M 2 ,M 3 ,M 5 }, {M 1 ,M 2 ,M i }}. By property Fgl 
In ^ {Mi, M 2 , M 4 }. Therefore we have the following cases. 

Subcase 2.1: I R = {M X ,M 2 , M 3 , M 4 , M 5 }. Since I R = Mn{Pi), Corollary l39l implies that T = 
and \G-H\< 2\R\. By Theorem [lp)j |P| < 2, so \G - H\ < 4 and \G\ < 8. 

Subcase 2.2: I R = {M 1: M 2 , M 3 , M 5 }. Since I R UI T = MTZ(H), properties F[l] and F(3] imply 
that I T = {Mi, M 2 , M 3 , M 4 } or Z T = {M 3 ,M 4 }. In each of these cases, \R\ < 1 and \T\ < 1 by 
Theorem I3(j[b)| and Corollary [37l implying that \G — H\ < 3 and |G| < 7. This contradicts the 
assumption that |G| > 8, so these cases do not occur. 

Case 3: I s = {M 3 , M 4 }. By Observation [H if v e 5, then 

wt(u) £ col(Mi) n col(M 2 ) n col(M 5 ) = {0, Vi = (0, 0, 1, 1) T , v 2 = (1, 0, 0, if, 

W3 = (1,0,1,0) T }. 

The rank-preserving tables for [vi,v 2 ,v 3 ] with respect to Mi, M 2 , and M5 are, respectively, 





"1 


1 


0" 




"1 


1 


0" 




"1 


1 


0" 


Pi = 


1 


1 





, P2 = 


1 





1 


, and P5 = 


1 


1 





















1 


1 














Since Pi = P5, an edge in R is rank-preserving for Mi if and only if it is also rank-preserving 
for M 5 . Thus I R G {{Mi,M 2 ,M 3 ,M 4 ,M 5 }, {Mi, M 3 , M 4 , M 5 }, {M 2 ,M 3 ,M 4 }}. By property HI 
I R ^ {M 2 , M 3 , M 4 }. Therefore we have the following cases. 
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Subcase 3.1: 1 R = {M U M 2 , M 3 , M 4 , M 5 }. Since 1 R = MTZ{P 4 ), Corollary \M implies that T = 
and \G-H\< 2\R\. By Theorem [3^)| \R\ < 2, so |G - H\ < 4 and |G| < 8. 

Subcase 3.2: 1 R = {Mi, M 3 , M 4 , M 5 }. Since 1 R UI T = MTZ(H), properties FQ] and F(3] imply 
that I T = {Mi, M 2 , M 3 , M 4 } or Z T = {Mi,M 2 }. In each of these cases, |P| < 1 and |T| < 1 by 
Theorem \S^(b)\ and Corollary implying that \G - H | < 3 and |G| < 7. This contradicts the 
assumption that \G\ > 8, so these cases do not occur. 

Case 4: J s = {M 5 }. By Observation EH ifv€S, then 

wt(u) € col(Mi) n col(M 2 ) n col(M 3 ) n col(M 4 ) = {0, vi = (0, 1, 1, 1) T , v 2 = (1, 0, 0, 1) T , 

v 3 = (1,1,1,0) T }. 

The rank-preserving tables for [ui,U2,'f3] with respect to Mi, M 2 , M 3 , and M4 are, respectively, 





"1 





1" 




"1 





1" 




"0 


1 


1 




"1 





1" 


Pi = 





1 


1 


, P2 = 











, p 3 = 


1 


1 





, and P4 = 













1 


1 







1 





1 




1 





1 




1 





1 



Since P 2 = Pa, an edge in R is rank-preserving for M 2 if and only if it is also rank- preserving for 
M 4 . Thus 

1 R e {{Mi,M 2 ,M 3 ,Mi,M 5 }, {M ll M 2 ,M i ,M 5 }, {M 2 , M 3 , M 4 , M 5 }, {M 2 ,M 4 ,Af 5 }, 

{Mi,M 3 ,M 5 }, {Mi,M 5 }, {M 3 ,M 5 }}. 

By property FH T r £ {{M 2 ,M 4 ,M 5 }, {M X ,M 3 ,M 5 }, {Mi,M 5 }, {M 3 ,M 5 }}. Therefore we have 
the following cases. 

Subcase 4.1: J R = {Mi,M 2 , M 3 , M 4 , M 5 }. Since 1 R = MK{P 4 ), Corollary I3U1 implies that T = 
and \G-H\< \S\ < 2\R\. By Theorem [M^Ji?| < 3. If \R\ < 2, then \G - H\ < 4 and \G\ < 8. 

Suppose that \R\ = 3. Then Theorem I3(][b)| implies that R consists of three edges e 4 , e 2 , and 
e 3 such that J ei \I S = {MJ, Z e . 2 \I S = {M 2 , M 4 }, and I e3 \J S = {M 3 }. 

Since the first row and column of P\ and P 2 are the same, if an edge e € R is incident to a 
vertex of weight «i, then either {Mi,M 2 } C X e or {Mi,M 2 } C MTZ(H) \ I e . Therefore e\ and 
e 2 are not incident to vertices with weight v\. Since the third row and column of P 2 and P 3 are 
the same, if an edge e € R is incident to a vertex of weight v 3 , then either {M 2 ,M 3 } C X e or 
{M 2 ,M 3 } C M1Z(H) \ I e . Therefore e 2 and e 3 are not incident to vertices with weight v 3 . Since 
Pi [2] = P 3 [2], if both vertices incident to an edge e S R have weight v 2 , then {Mi,M 3 } C T e or 
{Mi,M 3 } C MTZ(H) \ I e . Therefore e 4 and e 3 each are incident to at least one vertex that does 
not have weight v 2 . 

Therefore e 4 must be incident to vertices with weights v 2 and v 3 (implying that wt(ei) = 
since T ei = {Mi}) or incident to vertices with weights v 3 and v 3 (implying that wt(e 4 ) = 1). Each 
vertex incident to e 2 must have weight v 2 , which implies that wt(e 2 ) = 1. The edge e 3 must be 
incident to vertices with weights v\ and v± (implying that wt(e 3 ) = 1) or incident to vertices with 
weights v\ and v 2 (implying that wt(e 3 ) = 0). 

Therefore there are at least three vertices u, v, and w in S such that u is incident to e 3 , v is 
incident to e 2 , w is incident to e±, wt(u) = vi, wt(v) — v 2 , and wt(w) = V3. Let R 1 — {uv,vw}. 
Note that since v\,v 3 ^ col(M 5 ), M 5 £ X R i . Suppose that IS"! > 5. Then the vertices in R! U e for 
any edge e 6 R form a proper subset of S. We now have the following possibilities for I R i . 



24 



I. Mi Tri . Then wt(vw) — 1, which implies that M 2 , M3, M4 G Since 2#' Uei = 

A41Z(H), G G" T±(P^) by Corollary [28l which is a contradiction. 

II. M 2 ,M4 £ Tri. Then wt(uw) = 0, which implies that A/3 G Tri. Also -wt(vw) = 0, which 
implies that M\ G Jr'. Since X^ Ue2 = MTZ(H), G ^ ^(P-t) by Corollary l28l which is a 
contradiction. 

III. M3 g" Tfl/. Then wt(uu) = 1, which implies that Mi, M 2 , M4 G Xr/. Since 2i?'ue 3 = 
A47Z(H), G g" J-±{Pi) by Corollary [28l which is a contradiction. 

IV. Xr/ = M1Z(P4). Since the vertices in R' are a proper subset of the vertices in S, G ^ T±(P±) 
by Corollary [28l which is a contradiction. 

Since each case leads to a contradiction, our assumption that l^l > 5 must be false. Therefore 
|5| < 4, so \G - H I < 4 and \G\ < 8. 

Subcase 4.2: T R = {Mi, M 2 , M 4 , M 5 }. Since T R UT T = MK(H), properties F[T] and F(3] imply 
that T T = {M 3 , M 4 , M 5 } or X T = {M 3 , M 4 }. In each of these cases, \T\ < 1 by Corollary[37l Since 
M2 G X U1I if and only if M 4 G T uv for each edge mj G R, \R\ < 2 by Theorem I3(][b)| If |i?| = 1, 
then \G — H\ < 3, a contradiction. If = 2, then Theorem I3tjt b)| implies that R consists of an 
edge uv such that T uv \ T$ = {Af2, M 4 } and another edge wx such that T wx \ Ts = {Mi}. Since the 
first row and column of P\, P2, and P4 are identical, we see that if any vertex, say it, has weight 
v±, then the edge in R incident to the vertex must have either T uv \ T$ = Tr \ T$ or T uv \ T$ = 0. 
Neither of these cases occur, so u, v, w, and x each must have weight V2 or U3. As in Subcase ll.il 
in Section[6l since Pi[2,3] and i-2[2,3] = P4[2,3] are complementary, \R\ = 2, and — 1, we can 
apply Corollary I4T1 to conclude that \S\ = 3, implying that \G — H\ < 4 and \G\ < 8. 

Subcase 4.3: T R = {M 2 , M 3 , M±, M 5 }. Since T R UT T = MK(H), properties F[T] and F(3] imply 
that T T = {Mi, M 2 } or T T = {M x , M 2 , M 5 }. In each of these cases, \T\ < 1 by CorollaryEH Since 
M 2 G T uv if and only if M 4 G T uv for each edge uv G i?, \R\ < 2 by Theorem [5^Tb)| If \R\ = 1, 
then \G — H\ < 3, a contradiction. If \R\ = 2, then Theorem l3^b)| implies that R consists of an 
edge uv such that T uv \ Tg — {M 2 , M4} and another edge wx such that T wx \ T$ — {M 3 }. Note 
that the third row and column of P 2 , P3, and P4 are identical; as in the previous case, none of u, 
v, x, w can have weight v 3 , so each must have weight v\ or i> 2 . Since Ps[l, 2] and P 2 [l, 2] = Pi[l, 2] 
are complementary, |P| = 2, and \Ts\ — 1, we can apply Corollary I4T1 to conclude that IS"! = 3, 
implying that \G - H\ < 4 and \G\ < 8. 

Case 5: T s = {Mi, M 2 , M 3 , M 4 }, Z s = {M 1 ,M 2 ,M 5 }, or X s = {M 3 ,M 4 ,M 5 }. In each of these 
cases, by property FH Tr = {M X ,M 2 , M 3 , M 4 , M 5 j, so T = and |G - H\ < 2\R\ by CorollaryEM 
In each of these cases, \R\ < 2 by Corollary[3ll so \G - H\ < 4 and |G| < 8. □ 

10 All graphs in J r 4 (F 2 ) 

Combining Lemmas |4"21 through [4T1 with Corollary [T4l we have: 

Theorem 48. All graphs in ^-4(IF 2 ) have 8 or fewer vertices. 

Theorem 3.1 in [DK06 implies that all graphs in ^4(F 2 ) have 25 or fewer vertices. Because we 
have made a much more detailed analysis for the field F 2 , we have been able to greatly improve 



25 



their bound in this single case. Since all graphs in .7-4^2) have 8 or fewer vertices, we can do an 
exhaustive search for all the graphs. In Appendix [XJ we list a few Magma functions sufficient to 
implement this search. These functions use the graph generation program "geng" distributed with 
Brendan McKay's Nauty program [McK90| Version 2.2]. This exhaustive search results in the 62 
graphs displayed at the end of this section. Thus, recalling Observation [H we have: 

Theorem 49. J-^Wz) consists of the 62 graphs listed at the end of this section. For any graph G, 
mr(F2, G) < 3 if and only if no graph in ^(¥2) is induced in G. 

In the listing of the graphs in .7-4^2) that follows, the graphs are sorted by number of vertices. 
We have also tried to group similarly structured graphs together. Each graph is identified with a 
number and a graph6 code. The graph6 code is a compact representation of the adjacency matrix 
(and thus the zero/nonzero pattern of the matrices associated with the graph). The specification 
of the graph6 code is distributed with Nauty and can also be found on the Nauty website. 

We now proceed with the listing of all 62 graphs in .7-4^2). 



DDW 




EGEw 




E?lw 



o o 



-o 



E?d_ 




ECSw 




10 



E_Lw 



O—O 



E_GW 




E?No 




EAMw 




E?NW 




E?Nw 



12 



E?dg 



26 




27 




28 




Fdhzo 




FB~~w 




F' ~vw 





61 GreZZ[ 




55 F}l~w 



o 



-o 



o 



-o 



O ( 

59 G'?G?C 




62 G~rHx{ 




FKdzo 




60 G'GXx{ 



11 Graphs in T±(F) for other fields 

Many of the graphs in ^^{¥2) are also in ^(F) for any field F. This is the case with most of the 
disconnected graphs and the connected graphs with a cut vertex in the table. 
We need the following elementary facts [BvdHL04]. 



Observation 50. For any field F 

(a) mi(F, K n ) = 1 for n > 2; mr(F, K 2 , 3 ) = mr(F,4 

(b) K 2 e Fi{F); K,dart G T 3 {F). 

(c) If G = U^Gi, then mr(F, G) = £* =1 mr ( F > 
We will also need 



2; mr(F, k) = mr(F, dart) = 3. 



Theorem 51 (|Fie69, BD05J). Let F be any field and let G be a graph on n vertices. Then 
mr(F, G) = n — 1 if and only if G = P n . 



A stronger result was proved by Fiedler over R [Fic69j and his result was extended to any field, 
with some exceptions for F 3 , by Bento and Duarte |BD05j . 
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Corollary 52. For any field F, mr(P, P n ) = n — 1 and P n G T n -i{F)- 
We will also utilize the following 

Proposition 53. Let £ = {full house, G\ = i^S,, G 2 = , P 3 V P 3 } (G\ is graph 40 minus the 
pendant vertex and G 2 is graph 44 minus the pendant vertex). Then for each G G £ , mr(F2, G) = 3 
and mr(P, G) = 2 for any F^F 2 . Moreover, full house, P 3 V P 3 G .P 3 (F 2 ). 

Proof. We already verified the first claim for the full house in the introduction. Taking complements 
of the others we find that G\ = 2P 3 , G 2 = P 3 U K 2 U K u and (P 3 V P 3 ) c = 2if 2 U 2JTi. By 
Theorems 6 and 7 in [BvdHL04 and Theorems 11 and 15 in [BvdHL05 i, mr(P, G\) = mr(P, G2) = 
mr(P, P 3 V P 3 ) = 2 for F ^ F 2 , while mr(F 2 , d) = mr(F 2 , G 2 ) = mr(F 2 , P 3 V P 3 ) = 3. The final 
claim follows from Theorem [TO] □ 

11.1 Disconnected graphs 

Proposition 54. If F is any field and Si G J 7 ml ^g.j(F) , i = 1, ...,m, t/ien 



[J Si G ^"mrfSOH hmr(5 m )(-F 1 )- 



i=l 

Proof. This follows immediately from Observation l5C]l^c)] and the definition of Fk+i{F). □ 

Applying Observation l5Tf(b)j Corollary [5^1 and Proposition [M] to the disconnected graphs 2, 3, 
33, 34, 35, and 59 in Section [101 we have 

Theorem 55. For any field F , 

{2P 3 , P 4 UX 2 ,P 3 U 2^ 2 , k UK 2 , dart U ^ 2 ,4^ 2 } C ^ 4 (P). 

Graphs 36 and 60 are full house U K 2 and (P 3 V P 3 ) U i^ 2 . Since full house, P 3 V P 3 G -P 3 (P) if 
and only if F — F 2 , graphs 36 and 60 are not in Fa{F) for any F ^ F 2 . 

11.2 Connected graphs with a cut vertex 

First, note that graph 1 in Section [lOl P5, is in Fa(F) for any field F by Corollary l52l 
We now recall a definition and a known result. 

Definition 56. Let G and H be graphs on at least two vertices, each having a vertex labeled 
v. Then G(& V H is the graph obtained from G U H by identifying the two vertices labeled v. 
Similarly, if G\, . . . , Gk, k > 2, are graphs on at least two vertices, each with a vertex labeled v , let 
G = Gi ® v G 2 ®v • ' • ©u Gfe be the graph obtained by identifying the vertices labeled v in each of 
the graphs. We call G the vertex sum of the graphs G±, . . . ,Gk at v. Note that v is necessarily a 
cut vertex of a graph constructed in this way and that any graph with a cut vertex can be expressed 
as such a sum with k > 2. 

The following theorem was proved over the real field in [HsiOlJ and BFH04i. In Appendix [Bl 



we give an easy proof of part (a) that holds for any field; part |(b)| then follows by induction. This 
same proof is also a key part of the proof of a more general result on the inertia set of a graph with 
a cut vertex (see Theorem 4.2 in jBHLj. 
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Theorem 57 ( [HsiOlL [BFH04] ). Let F be any field. 

(a) If G and H are graphs on at least two vertices, each having a vertex labeled v, then 

mi(F, G © P) = min{mr(F, G) + mr(F, H), mi(F, G-v) + mr(F, H - v) + 2}. 

V 

(b) Let G\, . . . , Gk, k > 2, be graphs on at least two vertices, each with a vertex labeled v. Then 

k k 

mr(F, Gi © G 2 © • • ■ © G k ) = min{ V mr(F, G ( ), V mr(F, G t - v) + 2}. 

V V V ' ' 

i=l i=l 

This result reduces the calculation of the minimum rank of any graph with a cut vertex to a 
calculation for smaller graphs. 

Corollary 58. mr(F, Gffi„ H) < mr(F, G) + mr(F, H). 

We can now establish one criterion for membership in J- \{F) for any field. 

Theorem 59. Let F be any field and let G be a graph satisfying all of the following 

(a) \G\ = 6, 

(b) mr(F,G) = 4, and 

(c) P5 is not induced in G. 
Then G G T A {F). 

Proof. For each vertex v of G, G — v is a graph on 5 vertices distinct from P 5 . By Theorem 1511 
mr(F, G) < 5 - 1 = 4. By Definition Ggf 4 (F). □ 

Proposition 60. Grap/is ^ 5, 6, 7, 8, 9, 10, 11, 12, 13, 18, 22, and 23 are all m Ti{F) for any 
field F. 

Proof. Each of these graphs has 6 vertices and P5 is induced in none of them. Moreover, each graph 
is of the form G ffi„ K2, where G ^ full house is a graph on 5 vertices. Let G ©„ Ki be any of these 
graphs. By Theorem [53 Proposition [lj and Theorem l49l 

mr(F, G © K 2 ) = min{mr(F, G) + mr(F, K 2 ), mr(P, G — v) + mi(F, K 2 - v) + 2} 

V 

= min{mr(F 2 , G) + mr(F 2 , K 2 ), mr(F 2 , G - v) + im(¥ 2 ,K 2 - v) + 2} 
= mr(F 2 ,G©F 2 ) = 4. 

V 

By Theorem HG©„K 2 ef 4 (P) ■ □ 

We note that graphs 14 and 15, which contain the full house, have minimum rank 3 over any 
field P ^ F 2 , so are not in P 4 (P) for P ^ F 2 . 

We now consider in turn graphs 38 and 39. 
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Figure 4: H = graph 39 minus the pendant vertex. 



Graph 38 ( 
wt(F, 



Applying Theorem I57[l(b) | with k = 4, we have 

= min{2mr(F,.?s:3) + 2 mr(F, K 2 ), 2mx(F,K 2 ) + 2mr(F,K 1 ) + 2} 
= min{2 + 2, 2 + + 2} = 4 



Theorem [571 also implies that mr(F,I>^) = 3. By definition, Wl G F^F). 

Graph 39 ( < ^ ): Let F be any field. Let H be the graph obtained by deleting the pendant 
vertex in graph 39, labeled as in Figure |U Since x is induced in H, mi(F,H) > mr(F, k) = 3 by 
Observation IBTjl Moreover, 



A = 



1111 

1111 

1 1 
1 1 
110 11 
110 11 



eS(F,H) 



and rank A = 3. Therefore mr(F, H) = 3. By Theorem [571 

mr(i 7 ', graph 39) = min{mr(_F, H) + \m(F, K 2 ), vax(F, 
= min{3+l, 3 + + 2} = 4. 



mr(F,#i) + 2} 



Any graph obtained by deleting a vertex from graph 39 is one of H, k U K±, , '^Y , or . 
By Observation l50l mr(F, x U K\j = 3. We just saw that P°K has minimum rank 3. Since K 2 ,3 

and t< have minimum rank 2 over any field by Observation I50[ the graphs and each 
have minimum rank at most 3 by Corollary 1581 By definition, graph 39 G F^{F) for every field F. 
Summarizing, 

Proposition 61. Graphs 38 and 39 are in Fa{F) for any field F . 

The four remaining connected graphs with cut vertices, graphs 40, 44, 47, and 48, in the table 
do not belong to Fa(F) for F ^ W 2 . Let G be any of these graphs. Deleting the pendant vertex 
in G yields one of the last three graphs in Proposition [531 so by that result and Corollary [551 
mr(F, G) < 2 + 1 = 3 for F ^ F 2 . 
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Figure 5: An 8 vertex graph in F 4 (F 2 ,P 4 ) \ T 4 (¥ 2 ). 



11.3 Summary 

We have seen that 6 of the 8 disconnected graphs in Section [10] are in T^{F) for all fields F, while 
16 of 22 of the connected graphs with a cut vertex are in ^(F) for all F. 

We stated in the introduction that even if one is only interested in the minimum rank problem 
over M., results obtained over F2 yield important insights. We have just observed that of the 30 
graphs with vertex connectivity at most one in the list of 62 graphs in ^4^2), 22 of these are also 
in Ta{F) for any field. While the discrepancy is significant, it is also the case that the amount of 
overlap is surprising. The analysis of the 2-connected graphs in Section [10] seems to be much more 
complicated with our present tools. 

We have not found all graphs with vertex connectivity less than 2 in JF 4 (F), F ^ F2, by the 
above methods. For example, let F be any field with charF 7^ 2. Then mr(F, ^3,3,3) = 3 and 
mr(F, #3,3,2) = 2 |BvdHL04j . Let G = #3,3,3 ® v # 2 . By Theorem[57l 

mr(F, G) = min{mr(F, #3,3,3) + mr(F, # 2 ), mr(F, #3,3,3) + mr(F, #1) + 2} 
= min{3+ 1, 2 + + 2} = 4. 

But since for either of the two nonisomorphic graphs #3,3,2 ®v #2 arising from different choices of 
v, we have mr(F, #3,3,2 ®v #2) < mr(F, #3,3,2) + mr(F, # 2 ) = 2 + 1 = 3 by Corollary [58] it follows 
that #3,3,3 (B v #2 £ Fi(F). This graph did not occur in the table Fii¥ 2 ) because mr(F 2 , #3,3,3) = 2 
[BvdHL04]. It is also easy to see that #3,3,3 U #2 £ F±{F) if charF ^ 2. However, it is difficult 
to analyze the structure of all graphs in F±(F) with vertex connectivity less than 2. It is difficult 
to understand even the graphs in F4 (F) that are of the form G ©„ #2 . Sometimes G £ F3 (F) , but 
frequently it is not. We do know, however, that Fi{F) is infinite if F is R or C jHalj . 

In examining the list of graphs in Section [TQl we see that some of the bounds obtained in 
Sections 0H9] do not appear to be sharp. For instance, there is no graph in Section [10] with 8 
vertices that has an induced F4, even though the bound in Lemma |4"T1 is 8 vertices. This is because 
there are graphs in Fa{¥2tPa) that are not in ^4^2). For example, Figure [5] shows a graph on 
8 vertices which is in .F4(F2,P 4 ) (when the induced P4 contains both center vertices), as can be 
checked by hand or by using the Magma functions in the appendix. However, the graph is not in 
•7-4 (F2), since deleting one of the center vertices yields graph 56 in Section [TO] This shows that 
Lemma Wf\ does indeed provide a sharp bound for the number of vertices in a graph in .F 4 (F2, F4). 

We have succeeded in obtaining a sharp bound on the number of vertices in a minimal forbidden 
subgraph for the class of graphs whose minimum rank is at most 3 over F2. We have also generated 
a complete list of these minimal forbidden subgraphs, thereby giving a structural characterization 
for the graphs having minimum rank 4 or more over F2. Since this result leads to a method for 
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generating or recognizing all such graphs, it also leads to a theoretical procedure for determining 
whether a given graph has minimum rank at most 3 over F 2 . 

A Magma programs 

//We are working in F_2. 
F:=FiniteField(2) ; 

// This function returns all matrices in S(F_2,G) by adding 

// all possible diagonal matrices to the adjacency matrix of G. 

matrices_in_S : =f unction (graph) 

return {DiagonalMatrix(F,x)+AdjacencyMatrix (graph) : 

x in Subsequences ({x: x in F}, #Vertices (graph))}; 
end function; 

// This function returns the minimum rank of a matrix by brute 
// force computation, 
minrank : =f unction(graph) 

return Min({Rank(m) : m in matrices_in_S (graph) }) ; 
end function; 

// This function returns the matrices in S(F_2,G) that attain 
/ / the minimum rank . 
minrank_matrices : =f unction (graph) 

return {m: m in matrices_in_S (graph) I Rank(m) eq minrank (graph) } ; 
end function; 

// This function returns true if and only if a subgraph of graph is 
// isomorphic to a graph in graphlist 
// (i.e., if graph is forbidden by graphlist). 
isomorphic_subgraph: =f unction (graph, graphlist) 
if exists (t) {<subgraph, fgraph> : 

subgraph in {sub<graph I s> : s in Subsets (Set (VertexSet (graph)))}, 

f graph in graphlist 

I Islsomorphic (subgraph, f graph)} then 
return true; 

else 

return false; 
end if ; 
end function; 

// This is another version of the isomorphic_subgraph function. 
isomorphic_subgraph: =f unction (graph, graphlist) 

for subgraph in {sub<graph I s> : s in Subsets (Set (VertexSet (graph) )) } do 
if exists (t){ f graph: f graph in graphlist I 
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I si somorphic (subgraph, f graph) } then 
return true ; 
end if ; 
end for; 
return false; 
end function; 

// This function appends a list of forbidden subgraphs with 
// numvertices vertices to f orbiddengraphs . The geng program 
// must be in the current directory. 

generate_f orbidden_graphs :=f unction (numvertices ,f orbiddengraphs) 
allgraphs :=DpenGraphFile("cmd geng " 

*IntegerToString (numvertices) , 0, 0); 
while true do 

more, graph : =NextGraph(allgraphs) ; 
if more then 

if minrank (graph) ge 4 

and not isomorphic_subgraph(graph, f orbiddengraphs) then 

Include (~f orbiddengraphs , graph) ; 
end if ; 

else 

break; 
end if ; 
end while ; 

return f orbiddengraphs ; 
end function; 

// Initialize the f orbiddengraphs set and generate the forbidden 
// subgraphs with 8 or fewer vertices, 
f orbiddengraphs : ={} ; 
for i in [1 . .8] do 

f orbiddengraphs : =generate_f orbidden_graphs (i , f orbiddengraphs) ; 
end for; 

// Now f orbiddengraphs contains all graphs in \mathcal{F}_4(F_2) as 
// Magma graphs . 

B Field independent proof of Theorem 1571 

First recall a definition, a well-known fact, and the statement of the theorem. 

Definition. Let G and H be graphs on at least two vertices, each having a vertex labeled v. Then 
G©„ H is the graph obtained from G U H by identifying the two vertices labeled v. 

Lemma (|Nyl96|). If F is any field and G is a graph with a vertex v, then mi(F,G — v) < 
mr(F, G) < mi(F, G -v) + 2. 



35 



Theorem ( HsiOl, BFH04 ). Let F be any field and let G and H be graphs on at least two vertices, 
each having a vertex labeled v. Then 



mx(F,G®H) = min{mr(F, G) + rw{F,H), mx(F,G- v)+mx(F,H- v) + 2}. 



(1) 



Proof. Since v is a cut vertex of the connected graph G (B v H, (G ® v H) — v = (G — v) U (H — v). 
By the lemma and Observation [50l 

mr(F, G®H) < mr(F, G - v) + mr(F, H-v) + 2. 

V 

Let v be the last vertex of G and the first vertex of H. Let 



M = 



A b 
b T Ci 



G S(F, G) and N = 



c 2 d T 
d E 



GS(F,H), 



such that rank M = mi(F, G) and rank N = mr(F, H). Let 



M 



A 


b 





b T 


Cl 















and N 





c 2 d T 
d E 



Then M + N G 5(F, G ff) so 

mr(F, G®H)< rank (M + JV") 

< rank M + rank N = rank M + rank N 
= mr(F,G) +mr(F ;J ff). 

This proves the < in ([T]). 

Now let M £ S(F, G ® v H) with rank M = mr(F, G® V H). Write 



M 



A b 
6 T c d T 
d E 



Now 



rank A + rank E < rank 



A b 
d E 



< rank M 

< rank A + rank E + 2. 

It follows that one of the three inequalities (|2|) , ((3| , or |4| is an equality. 
I. Suppose that ([2|) and (j4j are strict inequalities. Then 



rank M = rank 



A b 
d E 



rank A + rank £7 + 1. 



(2) 

(3) 
(4) 
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Consequently 



£ col 



A 
E 



so either & ^ col(A) or d ^ col(-B). Assume b £ col(A). 



Then b T £ row (A), so 

rank M — rank 



A b 

b T c d T 
d E 



> rank 



A b 
d E 



a contradiction. Therefore, this case does not occur. So either ((2|) or (j4|) is an equality. 
II. Suppose © is an equality. Then 

rank 



'A 


0" 


= rank 


'A 





6" 







E 





£" 





Thus 
Then 



G col 



A 

J5 



.4 



which implies that b = Au, d = Ev for some vectors u and v. 

G 5(-F, G) 



and rank A = rank A. Similarly, 
E = 

and rank £ = rank E. It follows that 
mr(F, G®H)= rank M 

V 

> rank 



Aw 




'A b 


u T Au 




b T u T Au 


v T E 




~v T Ev d T ~ 


E 




d E 



G S{F, H) 



A 
E 



rank A + rank E — rank A + rank E 



> mr(F,G) +mr(F,ff). 

III. Suppose that (0J is an equality. Since A G S(F, G — v) and _B G S(F, H — v), rank A > 
mr(F, G — v) and rank i? > mr(F, H — v). Then 

mr(F, G®H) = rank M > mr(F, G - u) + mr(F, - v) + 2. 
Combining cases U [TT1 and IIII1 we have proven the > in fTJ) . □ 

C Sage code to generate forbidden graphs 

This appendix contains a translation of the code in Appendix fAlfor Sage (see http : // www . sagemath . org) 



# This code is written for Sage 3.1.1 

# See http : //www . sagemath . org 



def matrices_in_S ( graph ) : 
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Return all matrices in S(F 2 , graph) by adding all 

possible diagonal matrices to the adjacency matrix of the graph. 

The matrices are returned as matrices over F2 . 

?? » 5; 

F = FiniteField (2) 

A = graph. adjacency_matrix().change_ring(F) 
return [A+diagonal_matrix (list (diagonal)) 

for diagonal in VectorSpace (F , graph . order ()) ] 

def minrank ( graph ) : 

?? » 5; 

Return the minimum rank of a graph over F 2 by 

exhaustive enumeration. 

» » » 

return min(m.rank() for m in matrices_in_S ( graph ) ) 

def minrank_matrices ( graph ) : 

n » » 

Return the matrices in S(F 2 , graph) that attain the 

minimum rank of G. 

» 5; 5; 

minimumrank = minrank ( graph ) 

return [m for m in matrices_in_S ( graph ) if m. rank () = minimumrank] 
def isomorphicsubgraph ( graph , graphlist): 

!5 55 

Return True if a subgraph of graph is isomorphic to a graph in 
graphlist , otherwise return False . 

)l 55 

# Get the numbers of vertices in graphlist 
n = graph . order ( ) 

subgraph.sizes = set ([ g . order ( ) for g in graphlist if g.orderQ <= 

for i in subgraph_sizes : 

graphlist .check = [g for g in graphlist if g.orderQ = i] 
for vertices in Combinations (graph . vertices () , i): 
subgraph = graph . subgraph ( vertices ) 

if any ( subgraph . is .isomorphic ( g ) for g in gr aphlist _check ) : 
return True 

return False 



def generate_forbidden_graphs ( numvertices , forbiddengr aphs ) : 

5; ); )i 

Return all graphs having numvertices vertices and minimum rank at 
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least 4 that do not contain a subgraph isomorphic to a graph in 
forbiddengraphs . 

5! 11 5! 

return [g for g in graphs ( numvertices ) 
55 if minrank(g) >= 4 and not isomorphic_subgraph ( g , forbiddengraphs)] 

# Wait for a while for these next few commands to complete . 
forbiddengraphs = [] 

eo for i in [ 1 . . 8 ] : 

forbiddengraphs += generate_forbidden_graphs ( i , forbiddengraphs) 

# Now forbiddengraphs contains all graphs in ^(¥2) as 

# Sage graphs . 
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